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Turing Completeness
and the Church-Turing thesis
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λ-calculus

• Formalism that defines computability

• Based on simple func8ons that:

• Are anonymous

• Are curried (1 argument func8on only)

• Defines a simple syntax for defining a Lambda Term



λ-calculus syntax

Constructor Lambda

Variable x, y, my_var

Abstrac.on λx. BODY

Applica.on A B



Applica'on is le- associa've
a b c = (a b) c

a b c ≠ a (b c)



λx. λy. y x ≠ λx. (λy. y) x



λx. x
λx. x x
λx. x x x
(λx. x) (λx. x)
λf. λx. x
λf. λx. f x
λf. λx. f (f (f (f x)))



Lambda Calculus in Elixir



Programming Challenge
Weird sub-set of Elixir



Weird sub-set of Elixir
Valid terms can be:



Weird sub-set of Elixir
Valid terms can be:

• Variable names such as x, y, or my_variable



Weird sub-set of Elixir
Valid terms can be:

• Variable names such as x, y, or my_variable

• Anonymous func5ons defini5ons like fn x -> BODY end 
where BODY is also a valid term.



Weird sub-set of Elixir
Valid terms can be:

• Variable names such as x, y, or my_variable

• Anonymous func5ons defini5ons like fn x -> BODY end 
where BODY is also a valid term.

• Applica5on of func5ons, like A.(B) where both A and B are valid 
terms.



Weird sub-set of Elixir

fn x -> x end
fn x -> x.(x) end
fn x -> x.(x).(x) end
(fn x -> x end).(fn x -> x end)
fn _ -> fn x -> x end end
fn f -> fn x -> f.(x) end end
fn f -> fn x -> f.(f.(f.(f.(x)))) end end



Remember this?

λx. x
λx. x x
λx. x x x
(λx. x) (λx. x)
λf. λx. x
λf. λx. f x
λf. λx. f (f (f (f x)))



Weird sub-set of Elixir

This is Turing-Complete



Here is a factorial func/on.



(fn f -> (fn x -> x.(x) end).(fn x -> f.(
fn y -> x.(x).(y) end) end) end).(fn fact ->
fn n -> (fn b -> fn tf -> fn ff -> b.(tf).(ff).(b)
end end end).((fn n -> n.(fn _ -> fn _ -> fn f ->
f end end end).(fn t -> fn _ -> t end end) end).
(n)).(fn _ -> fn f -> fn x -> f.(x) end end end).
(fn _ -> (fn n -> fn m -> fn f -> fn x -> n.(m.(f))
.(x) end end end end).(n).(fact.((fn n -> fn f ->
fn x -> n.(fn g -> fn h -> h.(g.(f)) end end).
(fn _ -> x end).(fn u -> u end) end end end).(n)))
end) end end)





iex(5)> fact = (fn f -> (fn x -> x.(x) end).(fn x -> f.(fn y
-> x.(x).(y) end) end) end).(fn fact -> fn n -> (fn b -> fn
tf -> fn ff -> b.(tf).(ff).(b) end end end).((fn n -> n.(fn
_ -> fn _ -> fn f -> f end end end).(fn t -> fn _ -> t end
end) end).(n)).(fn _ -> fn f -> fn x -> f.(x) end end end).
(fn _ -> (fn n -> fn m -> fn f -> fn x -> n.(m.(f)).(x) end
end end end).(n).(fact.((fn n -> fn f -> fn x -> n.(fn g ->
fn h -> h.(g.(f)) end end).(fn _ -> x end).(fn u -> u end)
end end end).(n))) end) end end)
#Function<7.91303403/1 in :erl_eval.expr/5>



Encoding and Decoding

5
|> number_to_lambda.()
|> fact.()
|> lambda_to_number.()



Encoding and Decoding

iex(6)> 5 |>
...(6)> number_to_lambda.() |>
...(6)> fact.() |>
...(6)> lambda_to_number.()
120





The simplest λ-term
The iden(ty func(on



The simplest λ-term
The iden(ty func(on

• λx. x



The simplest λ-term
The iden(ty func(on

• λx. x

• fn x -> x end



The simplest λ-term

iex(1)> id = fn x -> x end
#Function<7.91303403/1 in :erl_eval.expr/5>
iex(2)> id.(true)
true



Boolean Encoding in Lambda Terms



That is: encode True and False
P.S.: There are infinite ways of doing this



What are booleans used for?



Branching
Pick one of two paths



λ?. ???



λthen. λelse. ???



True: λthen. λelse. then
False: λthen. λelse. else



Church Booleans



In Elixir

# True
fn then_path -> fn _ -> then_path end end

# False
fn _ -> fn false_path -> false_path end end



iex(3)> true! = fn t -> fn _ -> t end end
#Function<7.91303403/1 in :erl_eval.expr/5>
iex(4)> false! = fn _ -> fn f -> f end end
#Function<7.91303403/1 in :erl_eval.expr/5>
iex(5)> true!.("This if true").("This if false")
"This if true"
iex(6)> false!.("This if true").("This if false")
"This if false"



iex(3)> true! = fn t -> fn _ -> t end end
#Function<7.91303403/1 in :erl_eval.expr/5>
iex(4)> false! = fn _ -> fn f -> f end end
#Function<7.91303403/1 in :erl_eval.expr/5>
iex(5)> true!.("This if true").("This if false")
"This if true"
iex(6)> false!.("This if true").("This if false")
"This if false"



Decoding Booleans



Need a way to check the result



Let's cheat

We can apply non-lambda terms to our lambda term



Let's cheat

We can apply non-lambda terms to our lambda term

encoded_boolean.(true).(false)



  iex(7)> lambda_to_bool = fn b -> b.(true).(false) end
  #Function<7.91303403/1 in :erl_eval.expr/5>
  iex(8)> lambda_to_bool.(true!)
  true
  iex(9)> lambda_to_bool.(false!)
  false



Opera&ons on Booleans



Nega%on Func%on



Nega%on Func%on

a not a

true false

false true



Nega%on Func%on
λa. ???



Nega%on Func%on
λa. a ?WHEN_TRUE? ?WHEN_FALSE?



Nega%on Func%on
λa. a FALSE TRUE



Nega%on Func%on

fn a ->
  a.(false!).(true!)
end



Nega%on Func%on

iex(10)> not! = fn a -> a.(false!).(true!) end
#Function<7.91303403/1 in :erl_eval.expr/5>
iex(11)> true! |> not!.() |> lambda_to_bool.()
false
iex(12)> false! |> not!.() |> lambda_to_bool.()
true



And Func(on



And Func(on

a b and a b

true true true

true false false

false true false

false false false



And Func(on
λa. λb. ???



And Func(on
λa. λb. a ??? ???



And Func(on
λa. λb. a ??? FALSE



And Func(on
λa. λb. a b FALSE



And Func(on

fn a -> fn b ->
  a.(b).(false!)
end end



And Func(on

iex(13)> and! = fn a -> fn b -> a.(b).(false!) end end
#Function<7.91303403/1 in :erl_eval.expr/5>
iex(14)> and!.(true!).(true!) |> lambda_to_bool.()
true
iex(15)> and!.(true!).(false!) |> lambda_to_bool.()
false
iex(16)> and!.(false!).(true!) |> lambda_to_bool.()
false
iex(17)> and!.(false!).(false!) |> lambda_to_bool.()
false



Other Logic Gates



NAND Logic
With not and and you can implement all other gates



Encoding Natural Numbers



That is: encode 0, 1, 2, ...
P.S.: There are also infinite ways of doing this



What natural numbers are used for?



Coun%ng things



Church Numerals
Count the number of -mes a func-on is applied to a given input



N
λf. λx. F_APPLIED_TO_X_N_TIMES



Number Encoding

0 λf. λx. x

1 λf. λx. f x

2 λf. λx. f (f x)

3 λf. λx. f (f (f x))

4 λf. λx. f (f (f (f x)))



Construc)ng Natural Numbers
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• We need zero



Construc)ng Natural Numbers

• We need zero

• And a way to get N+1 given N (successor)



Zero
λf. λx. x



Zero

fn _f -> fn x -> x end end



Successor Func+on
λn. ???



Successor func+on
λn. (λf. λx. ???)

Apply f to x N+1 +mes



Applying N *mes
n f x



Successor func+on
λn. (λf. λx. ??? (n f x))



Successor func+on
λn. (λf. λx. f (n f x))



Successor func+on
λn. λf. λx. f (n f x)



Successor Func+on

fn n -> fn f -> fn x ->
  f.(
    n.(f).(x)
  )
end end end



ex(18)> zero = fn _f -> fn x -> x end end
#Function<7.91303403/1 in :erl_eval.expr/5>
iex(19)> succ = fn n -> fn f -> fn x -> f.(n.(f).(x)) end end end
#Function<7.91303403/1 in :erl_eval.expr/5>
iex(20)> one = succ.(zero)
#Function<7.91303403/1 in :erl_eval.expr/5>
iex(21)> two = succ.(succ.(zero))
#Function<7.91303403/1 in :erl_eval.expr/5>



iex(18)> zero = fn _f -> fn x -> x end end
#Function<7.91303403/1 in :erl_eval.expr/5>
iex(19)> succ = fn n -> fn f -> fn x -> f.(n.(f).(x)) end end end
#Function<7.91303403/1 in :erl_eval.expr/5>
iex(20)> one = succ.(zero)
#Function<7.91303403/1 in :erl_eval.expr/5>
iex(21)> two = succ.(succ.(zero))
#Function<7.91303403/1 in :erl_eval.expr/5>



Elixir Numbers ↔ Church Numerals



Elixir Numbers ↔ Church Numerals
lambda_to_number = fn n ->
  n. # Do N times
    (&(&1 + 1)). # Adds 1
    (0) # Start with 0
end

number_to_lambda = fn n ->
  0..n |> Enum.drop(1) |> Enum.reduce(zero, fn _, x -> succ.(x) end)
end



iex(22)> lambda_to_number = fn n -> n.(&(&1 + 1)).(0) end
#Function<7.91303403/1 in :erl_eval.expr/5>
iex(23)> number_to_lambda = fn n ->
...(23)>   0..n |> Enum.drop(1) |> Enum.reduce(zero, fn _, x -> succ.(x) end)
...(23)> end
#Function<7.91303403/1 in :erl_eval.expr/5>



iex(24)> lambda_to_number.(zero)
0
iex(25)> lambda_to_number.(one)
1
iex(26)> lambda_to_number.(two)
2
iex(27)> lambda_to_number.(succ.(two))
3
iex(28)> 10 |> number_to_lambda.() |> succ.() |> lambda_to_number.()
11



Addi$on



Addi$on

A + 0 A

A + 1 SUCC A

A + 2 SUCC (SUCC A)

A + 3 SUCC (SUCC (SUCC A))

A + B SUCC applied B (mes to A



Addi$on
λa. λb. ?SUCC_APPLIED_B_TIMES_TO_A?



Addi$on
λa. λb. b ?F? a



Addi$on
λa. λb. b SUCC a



Addi$on

fn a -> fn b ->
  b.(succ).(a)
end end



iex(29)> add = fn a -> fn b -> b.(succ).(a) end end
#Function<7.91303403/1 in :erl_eval.expr/5>
iex(30)> zero |> add.(one).() |> lambda_to_number.()
1
iex(31)> one |> add.(one).() |> lambda_to_number.()
2
iex(32)> two |> add.(two).() |> lambda_to_number.()
4



Mul$plica$on



Mul$plica$on

A * 0 0

A * 1 0 + A

A * 2 0 + A + A

A * 3 0 + A + A + A

A * B A added to 0 B 'mes



Mul$plica$on
λa. λb. ?A_ADDED_TO_ZERO_B_TIMES?



Mul$plica$on
λa. λb. b ?ADD_A? ZERO



Mul$plica$on
λa. λb. b (λx. ADD a x) ZERO



Mul$plica$on
λa. λb. b (ADD a) ZERO



fn a -> fn b ->
  b.(add.(a)).(zero)
end end



iex(33)> mul = fn a -> fn b -> b.(add.(a)).(zero) end end
#Function<7.91303403/1 in :erl_eval.expr/5>
iex(34)> mul.
...(34)>   (number_to_lambda.(5)).
...(34)>   (number_to_lambda.(10)) |> lambda_to_number.()
50



What's next?



Predecessor Func,on



Predecessor Func,on
λn. λf. λx. n (λg. λh. h (g f)) (λu. x) (λu. u)



Recursion
Fixed Point Combinators



That's all, folks.
(for now)



github.com/bamorim/elixir-lambda-talk

https://github.com/bamorim/elixir-lambda-talk

